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Abstract 
We use neighborhood assignments and cardinal functions to give a unified approach to metriz- 
ability and uniformity. This leads to a number of characterizations of m(X), the metrizability 
degree of X, u(X), the uniform weight of X, and w(X), the weight of X. For X normal (and 
regular), m(X) = u(X); it is unknown whether this result extends to completely regular spaces. 
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1. Introduction 
This paper has two major themes. One is the use of cardinal functions and neighbor- 
hood assignments to give a unified approach to metrization and uniformity. Neighborhood 
assignments have long played an important role in metrization theory (recall, for exam- 
ple, the Frink metrization theorem and the double sequence theorem of Nagata). On the 
other hand, they are rarely used in the study of uniform spaces; rather, the two dominant 
approaches are the uniform covers of Tukey and the entourages of Weil. We note, how- 
ever, that Weil’s original definition of a uniform space is in terms of neighborhoods [38] 
and that a neighborhood approach to uniformity is given in early papers by Graves [ 141 
and Davis [9]. 
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Neighborhood assignments {V, (x) : Q E 6) of size /c > w will be our principal tool 
in the analysis of uniformity. This approach has the following advantage: it brings closer 
together the study of uniform spaces and of generalized metrizable spaces. For example, 
the 6 = w case of a theorem often yields a metrization result. 
A second theme of the paper is the systematic study of two cardinal functions, namely 
m(X), the metrizability degree of a space X, and u(X), the uniform weight of a com- 
pletely regular space X. These two functions are defined as follows: m(X) is the smallest 
infinite cardinal PC such that X has a base that is the union of at most PC discrete collec- 
tions; u(X) is the smallest infinite cardinal 6 such that there is a family of at most K 
pseudo-metrics on X that induces the topology of X. Basic facts about m(X) and u(X) 
are: 
(1) m(X) is defined for all X and m(X) < w(X); 
(2) u(X) is defined if and only if X is completely regular, in which case m(X) 6 
u(X) G w(X); 
(3) m(X) = u(X) for X normal (and regular); 
(4) if X is regular and m(X) = w, then u(X) = w and X is pseudo-metrizable. 
However, it is not known whether m(X) = u(X) for X completely regular; for a nice 
discussion of this problem, see Kopperman and Meyer [26]. The definition of m(X) is 
obviously based on Bing’s characterization of metrizability in terms of a a-discrete base. 
The equality u(X) = m(X) for X normal (and regular) is due to Mrowka [27]. 
Here is an overview of the paper’s organization. In Section 2 we use neighborhood as- 
signments to give a rather large number of characterizations of m(X); most of these are 
based on well-known metrization theorems and supplement the results in [20]. Section 3 
is a systematic study of the uniform versions of several conditions used in Section 2. 
In Section 4 we give characterizations of u(X) and of q(X) (the quasi-uniform weight 
of X); of special interest is the apparently new result that u(X) can be characterized 
in terms of the conditions of the Alexandroff-Urysohn metrization theorem extended to 
higher cardinality. In Section 5 we study the relationship between weight and proximity. 
The main result here states that the weight of a completely regular space X is equal 
to the smallest infinite cardinal 6 such that there is a proximity on X with a base of 
cardinality at most K that induces the topology of X. Finally, in Section 6 we intro- 
duce a new cardinal function sym(X) that extends the symmetrizable spaces to higher 
cardinality. 
The following notation is used: K and X denote infinite cardinals and a, ,~3, y, S denote 
ordinals; both N and w denote the set of natural numbers and j, Ic, n denote elements of 
N. The weight of X, denoted w(X), is the smallest infinite cardinal );. such that X has a 
base of cardinality at most n. For other terminology, see Engelking [lo] or Nagata [29]. 
2. Characterizations of m(X) 
In this section we give a number of characterizations of the metrizability degree m(X) 
of a space X in terms of neighborhood assignments. The results in this section supplement 
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the unified approach to metrization initiated by Nagata in [30] and continued by the author 
in [20]. 
Definition. Let X be a topological space, let K be an infinite cardinal, and for each 
.?: E X let {Va(x): Q E K} be a collection of neighborhoods of 2. The collection 
v = {Vu(x): 5 E x, cu E K.} 
is called a n-neighborhood assignment for X. 
We emphasize that Vol(z) is a neighborhood of 5, but it need not be open. The index 
set 6 can be replaced by any set of cardinality at most K; e.g., by K x n. A n-neighborhood 
assignment for X is often denoted by {l&(z)}. W e now introduce a number of condi- 
tions on (l&(z)}; m each case, the starting point is x E R, where R is an open set. 
DEV(n) 
Y(K) 
d(K) 
SS(K) 
WO(K) 
There exists cy G 6 such that if V,(x) n Vn(y) # 8, then G(y) C R. 
There exists o E K such that if l&(x) n K(y) # 8, then Y E R. 
There exists a E 6 and a neighborhood W of x such that if 
W n K(y) # 0, then y E R. 
There exists o E K such that if x E L&(y), then k(y) C R. 
There exists Q: E K such that if y E V, (x), then V, (y) C R. 
There exists u E K such that if x E V,(y) and y E K(x), then 
V~(Y) C R. 
There exists N E K such that if x E I/a(y), then y E R. 
There exists cy E K such that if x E l&(y), y E Vn(z), z E K(y), and 
y E T&(x), then z E R. 
Additional “symmetric-like” properties of {V,,(x)} are the following. 
symmetric For all o E K and all z,y E X, z E l&(y) e y E I&(x). 
NI (6) For all x E X and all Q E 6, x +! {y: x $ Vol(y)}p. 
These conditions are related to metrization and generalized metrizable spaces as fol- 
lows. Condition F(K) extends to higher cardinality the neighborhood characterization 
of metrizability due to Frink [13]. The conditions N(K), S(K), DEV(K), Y(K), O(K), 
and SS(r;) extend Nagata spaces, stratifiable spaces, developable spaces, y-spaces, Q- 
spaces, and semi-stratifiable spaces to higher cardinality. Heath’s characterizations of 
Nagata, stratifiable, and developable spaces play a key role here; see [ 15-171. The con- 
dition wa(r;) extends to higher cardinality a weak form of a a-space (see condition (E) 
in [ 181). The countable version of Nr (6) has recently been studied by Hung [23], Na- 
gata [31], and Hodel [22]. The following hold for a K-neighborhood assignment {Vol(cc)} 
for X: 
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(1) F(K) + N(K), F(K) + DEV(rc), and F(K) * y(6); 
(2) N(K) + S(K) and S(K) + SS(&); 
(3) DEV(K) =+ O(K) and DEV(K) + SS(K); 
(4) $6) + O(K) and O(K) + wg(rc); 
(5) symmetric =+ NI(K); 
(6) if {l&(z)} satisfies O(K), then for all z E X, {l&(x)‘: (u E K} is a local base 
for 2. 
Theorem 2.1. Let 6 > w. The following are equivalent for any space X: 
(1) X has a r;-neighborhood assignment that satisfies N(K) and one that satisfzes 
Y(K); 
(2) X has a txzeighborhood assignment that satisjes F(K); 
(3) X has a symmetric K-neighborhood assignment that satisfies F(K); 
(4) X has a rc-neighborhood assignment that satisjies both WO(K) and N1 (K); 
(5) X has a K-neighborhood assignment that satis$es S(K) and one that satisfies 
e(K); 
(6) X has a K-neighborhood assignment that satisfies DEV(K) and one that satisjes 
N(K). 
Proof. (1) =+ (2) Let {l&(z): x E X, Q E K} and {W,(x): x E X, ,8 E K} be 
rc-neighborhood assignments that satisfy Y(K) and N(K), respectively. For each x E X 
and(a,/3)Er;.xKlet 
G&x) = VAX:) n w,(x) 
The required K-neighborhood assignment is {GQ,p(x): x E X, (o,p) E K x 6). To 
check F(K), let x E R, where R is an open set. By Y(K) and N(K): 
(a) there exists (u E 6 such that if y E Vol(x), then &(y) c R; 
(b) there exists /3 E 6 such that if W,(z) r? Wp(y) # 0, then y E Va(x). 
We then have: 
if Ga,~(xC) n Ga,o(y) # 0, then G,,p(y) C R. 
(2) + (3) Let W(x)} b e a K-neighborhood assignment for X that satisfies F(K). We 
may assume that {Va(x)} satisfies the following iterated condition: 
( 
if z E R with R open, then there exists o E K such that 
if K(x) n Va(y) # 0, Va(y) n K(z) # 0, and (*) 
K(z) n I&(U) # 0, then K(U) C R. 
(Replace{V,(x)} with{V,(x)nVp(x)nV,(x): o,p,y ~~}.)Forallz ~Xanda E K 
let 
WX) = {Y: v&) n VJY) # 0}. 
Then {Wa(z)} . IS a symmetric neighborhood assignment for X that satisfies F(K). 
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(4) * (5) Let {Vi(x)} b e a K-neighborhood assignment of X that satisfies both wcr( 6) 
and N,(K). By N,(K), f or each z E X and Q: E K, there exists a neighborhood Wa(z) 
of z such that 
W(Z) n {Y: z $ v&)} = 0. 
The following key property holds: 
if y E Wcy(z), then z E l&(y). (*) 
For all z E X and o E pi let G,(x) = W, (x)nV, (z). The rc-neighborhood assignment 
{G,(z)} satisfies S(K) and In; we verify O(K) and leave S(K) to the reader. 
Let .2: E R with R open. By wa(n), there exists a E K. such that 
(a) if 5 E l&(y), y E K(z), z E Va(y), and y E l&(x), then 2 E R. 
Let 2 E GOL(y) and y E G&z); we are required to show that G,(y) G R. Let z E G,(y); 
we have: 
(b) z E G,(y), hence z E IL(y) and y E K(z) (use (*I>; 
(c) z E G,(y), hence z E Va(y) and y E b&(z) (use (*I). 
It follows from (a) that z E R as required. 
(5) d (6) Let X have K-neighborhood assignments {l&(x)} and {W,(z)} that satisfy 
O(K) and S(n), respectively. For each .7: E X and (cr ,p) E K x K let 
G,,,g(z) = Vcy(x) n w,(x). 
Then {Ga,p(z): z E X, (a7 ,!3) E K x 6) is a K-neighborhood assignment for X that 
satisfies both DEV(rc) and N(K). (Use O(K) and SS(K) (in this order) to verify DEV(K). 
Then use S(K) and O(K) (in this order) to obtain N(n); this is essentially the well-known 
result that every first-countable stratifiable space is a Nagata space.) 
(6) + (1) Let X have r;-neighborhood assignments that satisfy N(K) and DEV(K). 
The proof that X has a K-neighborhood assignment that satisfies y(n) is outlined as 
follows: 
(A) use N(K) to show that every open cover of X has an open refinement that is the 
union of at most K pairwise disjoint open collections; 
(B) use (A) and DEV(K) to construct a base for X that is the union of at most K 
pairwise disjoint open collections; 
(C) use the base in (B) to show that Y(K) holds. 
The proof of (A) uses a well-known technique of Bing (see Theorem 9 in [4]). Let 
{V,(z)} be a /c-neighborhood assignment that satisfies N(K), and assume that each V,(x) 
is open. Let {lit: t E T} be an open cover of X and let < be a well-ordering on T. For 
each cy E IF. and t E T let 
G,.t = u 
{ 
k(z): IC E Ut - u U, andV,(z)rlV,(p)=@forallp$U, . 
S<f I 
Clearly G,,t is an open set and G,,t _ C Ut holds. Moreover, for all Q E K, the collection 
{G,,t: t E T} . P IS airwise disjoint, and {G,,t: t E T, cy E K} covers X. 
The proof of (B) is straightforward, and the proof of (C) uses the following lemma 
(which we will use again in Section 5). 0 
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Lemma 2.1. Let X have a base B = (8,: CI E r;}, where each B, is pairwise disjoint. 
Then there is a n-neighborhood assignment {l&(x)} for X that satisfies the following 
conditions: 
(1) for all 2 E X, {I&(x): o E K} is a local base for x; 
(2) for all x E X and Q E K, ify E V&(z), then I&(y) C I&(x). 
Proof. For each 5 E X and cy E 6 let 
Va(x> = 
{ 
B, x E B for some B E 23,; 
X, z $ U&Y. 
q 
Comments on Theorem 2.1. Part (1) is Nagata’s famous double sequence metrization 
theorem, and (6) is a variation thereof; (4) is inspired by recent work of Hung [23], 
Nagata [31], and Hodel [22]. The proof of (5) + (6) establishes the following re- 
sult: 
S(K) + O(K) =+ DEV(K). 
The proof of Theorem 2.1 does not use any separation axioms. However, we will 
show that a space X is regular if and only if it satisfies S(K) for some infinite cardinal 
6. (Corollary 2.2 below explains why so many metrization theorems need only assume 
the TO separation axiom.) 
Theorem 2.2. Let X be a regular space with w(X) = K. Then X satis$es F(K). 
Proof. Let {B,: Q E K} be a base for X. For each pair (o,p) E K x K such that 
B; C Bp, let 
{ 
& x E B,, 
KY,/3 (2) = % x E Bp, I(: $ Ba, 
X-B, x+!BP. 
TO see that the K-neighborhood assignment {V&(x): x E X, B; & Bp} satisfies F(K), 
let x E R with R open. By regularity, choose o, /3 E K. such that 
x E B, C B, 5 Bp C R. 
Let VO,a(z)nV&(y) # 0. Now V&p(x) = B, and SO &p(y) 5 Bp. Thus V&p(y) C R 
as required. 0 
Corollary 2.1 (Urysohn, proof by Frink). Every regular To-space with a countable base 
is metrizable. 
Proof. Let X be a regular To-space with a countable base. By Theorem 2.2, X satisfies 
F(w). By Frink’s metrization theorem [ 131, X is metrizable as required. 0 
Comment on Theorem 2.2 and its corollary. The relatively short proof of Theo- 
rem 2.2 is of interest for historical reasons. The “metrization problem” asks for a metriza- 
tion theorem from which Urysohn’s famous result 
regular + TO + countable base + metrizable 
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is an easy corollary. The above argument shows that Urysohn’s theorem follows rather 
quickly from the 1938 metrization theorem of Frink! 
Theorem 2.3. The following ure equivalent for any space X: 
( I ) X satisfies S(K) for some infinite cardinal PC.; 
(2) X is regular; 
(3) X satisfies F(K) for some injinite cardinal K. 
Proof. The implication (2) =+ (3) follows from Theorem 2.2, and so it remains to prove 
that (1) =+ (2). Let {I&(lc)} b e a K-neighborhood assignment that satisfies S(K) . To prove 
regularity, let z E R with R open. Choose a E K and a neighborhood W of .a~ such that 
if I/I- n V,(y) # 0, then y E R. Clearly &‘- & R as required. 0 
Corollary 2.2. Every To-space that sutisjfies S(K) ,for some injinite cardinal K. is both 
Hausdorjf and regular 
Now let us connect the results in Theorem 2.1 to the metrizability degree of a space. 
Perhaps the quickest way to do this is to take advantage of a recent result of Collins, 
Gartside, Kopperman, Kiinzi, and Moody. In [6] they show that the metrizability degree of 
a regular space X is the smallest infinite cardinal K that satisfies the following condition: 
X has a symmetric rc-neighborhood assignment {V,(x)} that satisfies Y(K). (*) 
Note that (3) 3 (*) and (*) =+ (4), so we have the following result. 
Theorem 2.4. Let X be a regular space. The metrizability degree of X is the smallest 
injinite cardinal K such that X has a n-neighborhood assignment that satisjes F(K). 
As a consequence of Theorem 2.4, m(X) can be characterized as the smallest infinite 
cardinal that satisfies one (and hence all) of the conditions in Theorem 2.1. We can 
summarize the results in [20] and in Theorem 2.1 by saying that a rather large number of 
metrization conditions, when extended to an arbitrary infinite cardinal K, can be derived 
each from the other, and the only separation axiom required is regularity. However, a 
famous metrization result not in this list is the Alexandroff-Urysohn metrization theorem. 
The reason for its omission will be discussed in the next two sections. 
Our next result shows that the gap between X(X), V/(X), and (u(X) can be arbitrarily 
large. 
Theorem 2.5. For any pair of injmite cardinals K. and X with n < A, there is a jrst- 
countable TJ-space X with m(X) = n and w(X) = A. 
Proof. We first obtain a countably compact, first-countable T’-space Y with 7n,(Y) = K. 
Let IC have the order topology, and let Y be the subspace of ri consisting of all ordinals 
c1 E 6 with cofinality < w. In other words, each cv E Y is either a successor ordinal or 
(i = sup{c~,~: (cr,) 2 K and cy, < cy for all n E IV}. 
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The space Y is first-countable, T4, and countably compact. There are 6 successor ordinals 
in IC, so (Y( = w(Y) = K. Since Y is countably compact, it easily follows that m(Y) = 6. 
The required space X is the direct sum of X copies of Y. 0 
We end this section with a neighborhood characterization of the condition DEV(K). 
As a corollary of this result, we obtain an old theorem of Alexandroff and Niemytzki [l] 
on semi-metric spaces. 
Theorem 2.6. A space X satis$es DEV(%) if and only if there is a t+neighborhood 
assignment {l&(x)} for X that satisjes the following two conditions: 
(1) given x E R with R open, there exists Q: E K such that ifx E V,(y) and y E Vu(x), 
then y E R; 
(2) for all x E X and a E K, there exists p E K such that if y E VP(X), then 
v,(x) c VL(Y). 
Proof. Let {W,(x)} b e a K-neighborhood assignment for X that satisfies DEV(K). For 
each x E X and (Y E K. let 
K(x) = u {lK&): 2 E %((Y)}. 
The K-neighborhood assignment {V,(x)} satisfies (1) and (2). 
Conversely, assume that X has a K-neighborhood assignment {l&(x)} that satisfies 
(1) and (2). We first show that for each x E X, {l&(x): CP E K} is a local base for 5. 
Let x E R with R open. By (1) and (2), there exists (u, ,8 E K such that 
(a) if x E l&(y) and y E l&(x), then y E R; 
(b) if y E V,(z), then VP(X) C Vu.(y). 
Note that V,(x) C: Vcy(x). W e now check that V,(x) C R. Let y E V,(x). By (b), 
V,(z) c l&(y), so x E l&(y). But we also have y E V,(x) C l&(x). Hence (a) applies 
and y E R as required. 
We now turn to the proof that DEV(V;) holds. For each x E X and Q E 6, there exists 
,O(x,a) E rc such that 
(c> if Y E V&,,)(x), then V,(,,,)(x) C K(Y). 
Let Wcy(x) = V,,,,,,(x). We show that {Wa(x): z E X, a E s} satisfies DEV(r;). Let 
x E R with R open. There exists Q E K such that l&(x) Cr R (proved above). It suffices 
to prove: 
if x E Wa(y), then Wu(y) C R. (*) 
Let x E Wcy(y); i.e., II: E V&,,,)(~J). BY Cc>, V&,,)(Y) C Va(x>; i.e., wa(y) C 
l&(z). But l&(x) C R, so the proof of (*> is complete. 0 
It is worthwhile to state a slight variation of Theorem 2.5 for the countable case. 
Corollary 2.3. A space X is developable ifand only if each x E X has a neighborhood 
assignment {l&(z): n E N} that satisjes the following two conditions: 
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(1) ifyn E I&(Z) and Z E Vn(yln) for all n E N, then yn + 2; 
(2) for all x E X and n E W, there exists k E N such that if y E Vk(x), then 
K(x) c G(Y). 
Corollary 2.4 (Alexandroff-Niemytzki). Let (X, d) be a semi-metric space that satisfies 
thefollowing additional condition: ifd(x, yk) + 0 and d(x, zk) + 0, then d(yk, zk) + 0. 
Then X is developable. 
Proof. Let K(x) = Bd(x, l/2”). We check the two conditions of Corollary 2.3. 
Clearly (1) holds. To verify (2), let z E X and n E N. Suppose, for all Ic E N, that 
yk E vk(x), zlc E vk(x), and Z~C $! vn(&). Then d(x,yk) -+ 0 and d(x,zk) + 0 but 
d(yk, Z~C) 3 1/2n, a contradiction. 0 
3. Uniform properties of n-structures 
In this section we introduce uniform versions of F(K), N(K), DEV(r;) and similar 
properties. These uniform conditions will then be used to characterize the uniform weight 
of a space X. A biproduct of this study are two metrization theorems (see Corollaries 3.1 
and 3.2). We begin with the definition of a K-structure. 
Definition. Let X be a set and let K 3 w. For each x E X let {V,(x): Q E K} be a 
collection of subsets of X such that x E Va(x) for all Q E 6. The collection 
u = {&(x): x E x, ck E 6} 
is called a K-structure for X. 
The notion of a K-structure does not involve a topology in any way; indeed, &-structures 
were originally introduced to show that a number of well-known inequalities in cardinal 
functions can be both stated and proved in a setting more general than that of a topological 
space (see [21]). 
Now consider the following uniform conditions on a K-structure {Va(x)} on a set X. 
UF(&) For all cy E K., there exists p E K such that for all x, y E X, 
if J%(a) n Vj(y) # 0, then VP(Y) C K(x). 
UN(K) For all a E n, there exists 0 E K such that for all 5, y E X, 
if V,(x) n V,(y) # 0, then y E Vn(x). 
UDEV( /c) For all CL: E n, there exists p E K such that for all x, y E X, 
if z E VP(Y), then V,(y) C I&(x). 
The condition UF(K) is called the uniform Frink property, UN(K) the uniform Nugatu 
property, and UDEV( K) the uniform developable properq. 
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Note. Let P(K) be one of the properties F(K), N(K), DEV(r;) and let UP(n) denote 
the corresponding uniform property. Suppose there is a topology on X such that for all 
2 E X, {b&(z)‘: cy E 6) is a local base for 5. In this case UP(n) + P(K). 
Our first result states that the three uniform conditions defined above are all equivalent 
to one another. 
Theorem 3.1. Let K 3 w. The following are equivalent for a t+structure {&(x)} on 
x: 
(1) {V,(x)} satisfies UDEV(n); 
(2) {l&(x)} satisfies UN(K); 
(3) {Vol(x)} satisfies UF(K). 
Proof. We prove (2) =+ (3) and leave (1) + (2) to the reader. Assume that {l&(x)} 
satisfies UN(n) and let o E K. Choose ,B, y E K. such that for all x, y E X: 
(a> if V,(z) n VP(Y) # 0, then a E K(x); 
(b) if V,(z) n V,(y) # 0, then y E V,(x). 
Let V,(x) n VT(y) # 0; we are required to show that V-,(y) C b&(x). Let z E V,(y); 
if we can prove that V,(x) n l+(z) # 0, then (a) gives z E VO(x) as required. Now 
V, (z)nv, (y) # 0, so by (b) we have y E Q(x). Also, z E V-,(y), hence V,(y)flV-,(z) # 
0, so (b) applies and y E V,(z). We now have l+(x) rl V,(z) # 0. 0 
Note. Weil, Graves, and Davis all use the condition DEV(&) in their neighborhood 
approach to uniformity. 
We have seen that the uniform versions of F(K) , N(K), and DEV( K) are “equivalent”, 
and it is natural to ask whether we can add to the list. We begin by introducing the uniform 
versions of a-spaces, y-spaces, &spaces, and semi-stratifiable spaces. Let {K(x)} be a 
K-structure on X. 
Uff(K) For all Q: E K, there exists ,0 E K. such that for all 2, y, z E X, 
if z E V@(y) and y E VP(Z), then z E l&(z). 
UT(K) For all Q E K, there exists /3 E K such that for all 2, y E X, 
if y E V@(x), then l+(y) C l&(x). 
UQ(K) For all cy E K, there exists p E n such that for all 5, y E X, 
if II: E VP(~) and y E Vp(x), then l+(y) C K(z). 
USS(K) For all Q E 6, there exists ,0 E K such that for all zr, y E X, 
if z E Vj(y), then y E l&(x). 
UINT( K) For all (Y, p E IF, there exists y E K such that for all 
LG E X, v,(x) c K&L’) n V~(X). 
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The condition UC(K) is called the unifomz g-space property, UT(K) the uniform y-space 
property, IJO the uniform O-space property, USS(6) the uniform semi-strati$able space 
property, and UINT(n) the uniform intersection property. 
Theorem 3.2. Let PC 3 w. The following are equivalent for a t+structure {I&(x)} on X 
that satisfies UINT( K) : 
(1) {Vol(x)} satisfies IJO and USS(r;); 
(2) {Vol(x)} satisjies UC(K); 
(3) {Va(x)} satisjies UF(n). 
Proof. We prove (2) =+ (3) and leave the implication (1) + (2) to the reader. Let {V,(x)} 
satisfy UINT(K) and Us; by Theorem 3.1, it suffices to show that {V,(x)} satisfies 
UN(&). Let Q E 6, and choose ,!3, y, 6 E K such that for all x,9, z E X: 
(a) if z E I+(y) and y E Vp(z), then z E T/a(x); 
(b) if ZE E V,(y), then y E V,(Z) (USS(K), implied by UO(K)); 
(c> vb(x) c V,(x) n V,(x). 
Let y E Vs(x) n Vb(.z); we are required to show that z E I&(x). By (a), it suffices to 
show that 2 E Vp(y) and y E V,(z). We have: 
l y E Vi(x) + y E V,(x) =+ CC E Vp(y) (use (c) and (b)); 
0 y E VJ(Z) * y E Vj(z) (use (c)). 0 
Corollary 3.1. A To-space X is metrizable if and only if each x E X has a local base 
{IIn( n E N} such that the following holds for all n E N and all x, y E X: 
(1) ifx E Vn+~(y), then y E K(x); 
(2) ifx E K+I(Y) and y E %+I (x), then K+I(Y) 2 K(x). 
Proof. Use Theorem 3.2 and Frink’s metrization theorem. 0 
Corollary 3.2. A To-space X is metrizable if and only if each x E X has a local base 
{Vn(x): n E N} such that for all n E N and all x, y, z E X: 
if 5 E k&+,(y) and y E Vn+l(z), then z E T/n(x). (*I 
Note. Condition (*) in Corollary 3.2 captures metrizability as follows: the triangle in- 
equality appears via the intermediate point y; symmetry appears by a reversal of the 
order of z and z (assume y = x). 
The next result gives the relation between UT(K) (the uniform version of a y-space) 
and other uniform properties. The proof is similar to that of the previous two theorems 
and so is omitted. Later we will use UT(K) to give a neighborhood approach to the 
quasi-uniform spaces. 
Theorem 3.3. Let K > w. The following are equivalent for a t+structure {I&(x)} on 
x: 
(1) {Va(x)} satisjies UO(K); 
(2) {k(x)} sutis$es UT(K) and USS(K). 
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Note. It is clear that a /c-structure that satisfies UF(r;) also satisfies Us. To see that 
the converse fails, let X be a quasi-metrizable space that is not metrizable (e.g., the 
Niemytzki plane). For each z E X, there is a local base {l&(z): 72 E N} for 2 such that 
the w-structure {l&(z): z E X, n E N} satisfies U-y(w). This w-structure cannot satisfy 
UF(w). 
Back-and-forth between entourages and twtructures 
There is a close connection between properties of entourages of X and uniform prop- 
erties of ~-structures. The precise relationship is summarized as follows. 
I. Let {B a: Q E 6) be entourages of X, and for each z E X let 
K(x) = {Y: c&Y) E B,}. 
The following then hold for all cry, p, y E K 
UF(K) BpB+B,& B, 
+ v’2, Y E x [&4x) f-3 VP(Y) # 0 =+ WY) c K(x)]; 
UN(K) BpBj’ LB, 
* v’z, y E X [V@(X) f-l VP(Y) # 0 =+ y E K(4] ; 
UDEV(ti) BP’ o Bp C B, 
wvx,y E X [x E VP(Y) =+ y?(Y) !L K(x)]; 
U-Y(K) BpoBp C B, 
M\JX,Y E x [y E V,(x) + VP(Y) c KY(x)]; 
WK) BpoBpCB,’ 
++ v’2, y, z E x [z E Vp(y) A y E V,(z) =+ z E K(x)]; 
WK) (BpnB,‘)oB& B, 
HY%YEX [xEVp(Y)AYq3(x)=+(Y)CVa(x)]; 
USS(tc) BP’ C B, H vz, y E X [x E Vp(y) =+ y E V&T)] ; 
UINT(r;) BY c B, n Bp w vx E X [VT(~) c Vcy(z) n VP(~)]. 
II. Let {V,(x)} b e a K-structure on a set X, and for each o E K let 
B, = {b, Y): Y E K(x)). 
Clearly {B,: QI E K} is a collection of entourages of X, and the ~-structure obtained 
. from {B,. a E 6) using the construction in 1 just gives {Vol(z)} back again. 
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It is often the case that a K-structure with a given property P can be replaced with a 
new K-structure that satisfies UINT(K) and still has property P. 
Definition. Let {VD (x)} b e a K-structure on X, and for each x E X and F E [n]<” 
(i.e., F a finite subset of K) let 
1/F(x) = n {V&Z): Q E F}. 
The n-structure (VF(Z): 5 E XT F E [K]<~} is said to be obtained from {I/,(x)} by 
the @rite intersection construction (FIC). 
Two important properties of this construction are summarized as follows. 
Lemma 3.1. Let {VD(x)) b e a n-structure on X and let {V_JT(Z): z E X, F E [K]<~} 
be obtained from {V,(x)} by the finite intersection construction. 
(1) {VF(CC): z E X, F E [PC]<“} satisfies UINT(6); 
(2) If {I&(T)} is a n-neighborhood assignment for a topology on X, then so is 
{vF(x)}. 
A number of uniform properties are preserved by this construction; the following result 
on U-/(K) is representative (and will be used later in Section 5). 
Lemma 3.2. Let {V&(x)} b e a rc-srructure on X that satisfies Q(K). Then the 
n-structure {I+(x)} obtained from {V,(x)} by the finite intersection construction also 
satisfies U?(K). 
Proof. Let F E [K]<~, sayF={crl,...,ak}.Forl<j<k,thereexists/$E~such 
that for all z,y E X: if y E I$,(z), then V&(y) C V,,(x). Let G = {/It,. . . ,Pk}; we 
then have: if y E VG(Z), then I&(y) C VF(IC). •I 
4. Uniform and quasi-uniform weight 
In this section we use UF(n) and its equivalent forms to give characterizations of the 
uniform weight of a completely regular space X. We will also obtain a characterization 
of q(X), the quasi-unzform weight of an arbitrary topological space. The first step is to 
give several definitions that are related to the Alexandroff-Urysohn metrization theorem. 
Definition. A collection (9,: cy E K} of open covers of a topological space X is a 
n-development for X if for all x E X, {st(z. S,): Q E 6) is a local base for IC. A K- 
neighborhood assignment {V&(x)} for X is a n-local base for X if for each x E X, 
{I&(s): CP E K} is a local base for Z. 
Definition. Let G and ‘H be covers of a set X. 
(1) G is a regular refinement of ‘FI, written 4 cr 7t, if given G. G’ E G with GnG’ # 
0, there exists H E ‘H such that G U G’ C H. 
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(2) 5; iS a delta refinement of ‘FI, Written !$ <A ‘FI, if (st(z,G): x E X} refines ?-i. 
(3) C? is a star refinement of ?-I, written 6! <* ‘H, if {st(G, G): G E G} refines ‘Ft. 
We now introduce three uniform conditions on a collection {G,: cy E 6) of covers of 
a set X. 
AU(K) For all Q E PC., there exists p E K such that Gp <,. G,. 
AUA(~) For all a E IS, there exists /? E IF such that Gp <A 6,. 
AU*(K) For all Q E IC, there exists /3 E K. such that Go <* S,. 
Definition. Let X be a topological space. A collection ID of distance functions on X 
induces the topology of X if the following holds for all R C X: 
R is open & for all x E R, there exists d E D and n E N 
such that Bd(x, 1/2n) C: R. 
The following well known construction is due to Frink and plays a key role in this 
section; a proof appears in Kelley [25] (see p. 185). 
Theorem 4.1 (Frink [13]). Let X be a set and let {I&(x)} be un w-structure on X such 
that for all n E N and all x E X: 
ify E %+I (x), then l/n+1 (Y) C K(x). (QW 
Then there is a quasi-metric d on X such that for all n E N and all x E X: 
(1) Bd(X, l/P+‘) c: K(x); 
(2) K(x) c &(x, 1P). 
Moreover, if{V&(x)} y ts s mmetric, then d is a pseudo-metric on X. 
Corollary 4.1. Let X have a n-local base {V&(x)} that satisfies UT(K). Then there is 
a family {d a: Q E K} of at most K quasi-metrics on X that induces the topology of X. 
Moreoven if {I&(x)} satis$es UN(n), then each d, is a pseudo-metric. 
Proof. Let {I&(x)} b e a rc-local base for X that satisfies Us. For each LY E IC, 
construct a sequence (a,) in K with cya = (Y and such that the following holds for all 
n E N and all z,y E X: if y f Van+,(x), then K_+,(y) C Va,cz). Then {Va,(x): x E 
X, n E IV} is an w-structure on X that satisfies (QM), so by Frink’s Theorem there is 
a quasi-metric d, on X such that for all x E X and all n E N: 
(a) Bd,(x, 1/2n+2) C V&(x) (in particular, B&, (2, l/22) C V,(x)); 
(b) v&(x) C Bd,(& 112”). 
The required family of quasi-metrics is {d, : QI E 6). 
Now suppose that {Vol (x)} satisfies the stronger condition UN(&). For all x E X and 
cy E K let 
@JO(Z) = {V Va(x) n V&4) # S}. 
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Then {Wa(z>} 1s a s Y mmetric K-local base for X that satisfies UN(K), and the construc- 
tion in the paragraph above applied to {Wcy (:c)} g ives the required family of pseudo- 
metrics. 0 
Theorem 4.2. Let IC. 3 w. The following are equivalent for uny space X: 
(1) U(X) < (‘. K 1 e., there is a family of at most K pseudo-metrics on X thut induces 
the topology of X); 
(2) X has a K-local base that satis$es UN(K); 
(3) X has a tAocal base that sutisjies UDEV(&); 
(4) X has a n-local base that satisfies UF(lc); 
(5) X has a n-development hat sutis$es AU*(K); 
(6) X has a n-development hat sutis$es AU”(K); 
(7) X has a r;-development hat sutisJies AU(K). 
Proof. Clearly (5) + (6) and (6) + (7); moreover, (2) + (3) and (3) + (4) follow from 
Theorem 3.1. So it remains to prove that (1) + (2), (4) ~j (5), and (7) + (1). 
(1) * (2) Let {d,: Q E K} be a family of pseudo-metrics on X that induces the 
topology of X. Fix 1c E X; for each (Y E K and n E N let 
V&I(~) = Bd,(& l/2”) 
It is clear that {Va,%(x): o E K and n E N} is a local base for z; UN(K) follows from 
the following observation: 
if Cn+~ (x) n VoI,lL+~ (Y) # 0, then Y E h,n(xl. 
(4) =+ (5) Let {K(x)} b e a /c-local base for X that satisfies UF(K) (may assume that 
each Va(x) is open). For each Q: E K let 
& = {V&z): 2 E x}. 
The collection {GoL: c1 E K} is a K-development for X that satisfies AU* (K). 
(7) * (1) Let {G,: a E K} be a n-development for X that satisfies AU(K). For each 
z E X and a: E K let 
Vu(x) = st(2, G,) 
Then {I&(x)} is a K-local base for X that satisfies UN(R). By Corollary 4.1, there is a 
family of at most K pseudo-metrics on X that induces the topology of X. 0 
We have proved Theorem 4.2 without assuming any separation axioms. However, it is 
well known that a space X is completely regular if and only if it satisfies condition (1) 
of Theorem 4.2 for some K 3 w; moreover, in this case the uniform weight of X is 
defined as the smallest infinite cardinal K such that (1) holds. Thus we obtain a number 
of characterizations of u(X) for X completely regular: 
l ‘u(X) is the smallest infinite cardinal K for which X has a n-local base that satisfies 
UN(K) (or UF(K), or UDEV(r;)); 
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l u(X) is the smallest infinite cardinal K for which there is a K-development for X 
that satisfies AU(K) (or AU*(K), or AU”(K)). 
These results should be compared to the recent characterization of u(X) by Koppetman 
and Meyer [26]. 
Note that a space X is completely regular if and only if there is some YG > w for which 
X has a K-development that satisfies AU(K); this explains why we cannot characterize 
m(X) (for X regular) in terms of the Alexandroff-Urysohn metrization theorem extended 
to higher cardinality. 
By Theorem 2.3, a space X is regular if and only if it satisfies N(K) for some 6 3 w. 
There is an analogous characterization of the completely regular spaces. 
Corollary 4.2. The following are equivalent for any space X: 
(1) X is completely regular; 
(2) for some n 3 w, X has a t+local base that satisfies UN(K). 
Remarks on the neighborhood approach to uniform spaces. There are two standard 
approaches to uniform spaces: the entourage approach of Weil and the uniform cover 
approach of Tukey. In the last two sections we have used a third approach, namely the 
(uniform) neighborhood approach. The neighborhood approach is very close in spirit to 
the entourage approach, but it seems to have certain advantages, at least in the study of 
cardinal functions and in applications of uniform spaces to analysis (for example, the 
translation of ~-6 proofs from the metric case to the uniform case). I hope to explore 
these ideas in greater detail in a forthcoming paper. 
We now give a neighborhood approach to the quasi-uniform spaces. For background 
material, see the monographs of Fletcher-Lindgren [ 121 and Murdeshwat-Nampally [28]. 
The following definition is due to Collins et al. [6]. 
Definition. The quasi-uniform weight of X, denoted q(X), is the smallest infinite cardi- 
nal IC such that there is a quasi-uniform base on X of cardinality at most K. that induces 
the topology of X. An equivalent formulation of this definition in terms of neighbor- 
hoods is: q(X) is the smallest infinite cardinal K such that there is K-local base for X 
that satisfies Uy(6). 
Every topological space is quasi-uniformizable; this result was first proved by 
C&z&r [8], with a later simplification by Pervin [33]. Thus q(X) is defined for ev- 
ery space X. A space X is quasi-metrizable if and only if q(X) = w. Collins et al. 
proved that q(X) < m(X) for every space X. This result also follows from Lemma 2.1. 
Theorem 4.3. Let K > w. The following are equivalent for any space X: 
(1) q(X) < K (i.e., there is a r+ZocaZ base for X that satisjies Uy(r;)); 
(2) there is a family of at most K quasi-metrics on X that induces the topology of X. 
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Proof. The implication (1) + (2) follows immediately from Corollary 4.1. To prove (2) 
+ (1). let {d,: cz E K} be a family of quasi-metrics on X that induces the topology 
of X. For all J: E X, cy E K, and n E IV let 
&n(x) = {!/: &(GY) < l/2”}. 
Then 
{B,,,(z): 2 E X, Q E K and n E PI} 
is a r;-local base for X that satisfies Uy(&). 0 
Corollary 4.3. For any space X, q(X) is the smallest infinite cardinal K such that there 
is a family of at most K quasi-metrics on X that induces the topology of X. 
5. Proximity and weight 
It is well known that a regular space X has a countable base if and only if there is 
a totally bounded pseudo-metric on X that induces the topology of X. In a somewhat 
different direction, a classical result of Smirnov [35] states that there is a one-to-one 
correspondence between totally bounded uniform spaces and proximity spaces; moreover, 
this theorem extends to quasi-uniform and quasi-proximity spaces (see Hunsaker and 
Lindgren [24]). Our goal is to give cardinal function versions of these results. 
Recall that a metric d on X is totally bounded if for all E > 0, there is a finite 
subset F of X such that {&(z,E): z E F} covers X. We introduce two properties of 
a K-structure {V,(z)} that captures this idea. The first, denoted TB(K), is an obvious 
extension of the definition just given; the second, denoted TB4(n), is tailor-made for the 
study of quasi-uniform spaces. 
TB(Ki) For all R E K., there is a finite subset F of X such that 
{Va(x): z E F} covers X. 
TBq(6) For all Q: E 6, there is a finite cover A of X such that for all A E A, 
if z,y E A, then 5 E &(1~) and y E I&(x). 
TBq(n) is the stronger condition, but the two are equivalent whenever the rc-structure 
satisfies UN(K); more precisely: 
(1) if {Va(z)} satisfies TBq(~), then it also satisfies TB(K); 
(2) if {Va(x)} satisfies TB(K) and UN(K), then it satisfies TB(K)q. 
In addition, TBq(~) is preserved by the finite intersection construction. 
Lemma 5.1. Let {Va(x)} b e a r+structure on X that satisjies TBq(r;). Then the 
n-structure 
{V&z): a: E X, F E [K]‘~} 
satisfies both TBq (6) and UINT(n). 
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Proof. Let F = (~1,. . . , (u,} E [s] <w. For 1 < k < n, there is a finite cover A,, of X 
such that for all A E Aok, if 2, y E A, then z E V,, (y) and y E V,, (cc). The required 
finite cover of X that corresponds to F is 
We now turn to the concept of proximity; for background material, see the monographs 
of Naimpally-Warrack [32] and Fletcher-Lindgren [12]. 
Definition. Let X be a set and let S be a binary relation on P(X). The relation S is a 
quasi-proximity on X if it satisfies the following properties (we write A S- B for “A 6 B 
fails”). 
(SO) IfAnB#P),thenASB. 
(61) {z} S- 0 for all z E X. 
(62) If A6(BUC), then ASB or ASC. 
(63) If ASB and B c C, then ASC. 
(64) If ASB and A s C, then CSB. 
(65) If A 6- B, then there exists C C X such that AS- C and (X - C) S- B. 
The intuitive meaning of A 6 B is that “A is near B”. A quasi-proximity S on X induces 
a topology r(S) on X as follows: 
R is open @ for all z E R, {cc} 6- (X -R). 
(Note: (61) proves that X is open, (62) proves the intersection axiom, and (63) proves 
the union axiom.) If S also satisfies (66) below, then S is called a proximity on X. 
(66) If A6B, then B6A. 
Pervin [34] proved that for every topological space X, there is a quasi-proximity 6 
on X that induces the topology of X. Moreover, Smimov [35] proved that a space X is 
completely regular if and only if its topology is induced by a proximity. 
The above axioms for a quasi-proximity are somewhat nonstandard, but they are strong 
enough to prove the topological properties that we require, including the following (for 
a proof, see p. 11 in [32]): 
ifAKB, thenAflB_=0. 
Definition. Let 6 be a quasi-proximity on X (more generally, any binary relation on 
P(X)). A base fur 6 is a collection of ordered pairs 
B = { (C, D): C, D subsets of X and C S- D} 
such that if A 6- B, then there exists (C, D) E B such that A c C and B C D. The 
quasi-proximity weight of a space X, denoted qS(X), is the smallest infinite cardinal K. 
such that there is a quasi-proximity S on X that induces the topology of X and has a 
base of cardinality at most n. There is a similar definition of S(X), the proximity weight 
of a completely regular space X. 
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The following lemma relates a base for S to a base for the topology induced by 6. 
Lemma 5.2. Let t3 be a base for a quasi-proximity 6 on X. Then 
{ (X - D-): there exists C C X such that (C, D) E B} 
is a base for the topology on X induced by 6. 
Proof. Let 5 E R with R open. Then 1c 6- (X - R), hence there exists (C, D) E t3 such 
that J: E C and (X - R) & D. Now C 6- D, hence C n D- = 0. It easily follows that 
z E (X - D-) C R as required. 0 
The next theorem establishes the connection between weight and quasi-proximity 
weight. 
Theorem 5.1. Let K 2 w. The following are equivalent for any space X: 
(1) W(Z) < K; 
(2) there is a quasi-proximity on X that induces the topology of X and has a base of 
cardinality at most K. 
Proof. The implication (2) =S (1) is an immediate consequence of Lemma 5.2. To prove 
(1) + (2), let {B,: (u E 6) be a base for X. We first construct a K-local base for X that 
satisfies U?(K), TB4(~), and UINT(lc). For each z E X and cy E n, define Va(z) by 
Clearly { VO(z)} IS a n-local base for X. Note that if y E Va(x), then &(y) c I&(z); 
from this observation it follows that UT(K) holds. To see that TBP(n) holds, let Q: E K; 
the required finite cover of X is {B,, X - Bg(}. By Lemmas 3.2 and 5.1, we may assume 
that { Va(x)} also satisfies UINT(n). 
We now proceed to construct 6. The following notation is used: for A C X, V,(A) = 
U{Vn(x): .z E .4}. Define 6 on P(X) by 
ilSB~I&(A)nB#0forallo~n. (*) 
It is obvious that 6 satisfies (60), (61) (S3), and (64); (62) is an easy consequence of 
UINT(r;). We now use Uy(6) to verify (65). Let AS- B. By (*), there exists Q: E IE. 
such that VCY(A) f’ B = 0. By Uy(n), there exists p E ri such that for all z,y E X: if 
y E I’J(z), then I+(y) C Vu.(z). Then 
$(A) n (X - &(A)) = 0 and Vp(I$(A)) n B = 0, 
and so the required set for (65) is C = X - V,(A). 
So far we know that 6 is a quasi-proximity on X. The following equivalences show 
that 6 induces the topology of 
R is open H for all x E 
H for all x E 
@ for all z E 
x: 
R, there exists (Y E K such that Va(zr) C R 
R, there exists Q E K. such that V, (z) n (X - R) = 0 
R: {z} S- (X - R). 
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It remains to prove that 6 has a base of cardinality at most K. For each cr E K, let 
3Q be a finite cover of X such that for all F E 3a, if z, y E F, then IC E I&(y) and 
y E K(2). Let 
a={(C,D): C,DCX, C’S_D, andthereexistsaE& 
such that C and D are unions of elements of 3a}. 
Clearly IB( 6 IE, and so it remains to prove that a is a base for 6. Let A 6- B. By (*), 
there exists (Y E K. such that V,(A) n B = 0. By Uy(%), choose p E IF such that for all 
5, y, z E x: 
(1) if z E Vp(y) and y E l+(x), then l+(z) C l&(z). 
Now construct (C, D) E B as follows: 
C=U{F: F~3oandFnA#0}; 
D = U{F: F E .Fp and F n B # 0). 
Clearly A C C and B & D. To prove that C’S_ D, we show that V,(C) n D = 0. 
Suppose, to the contrary, that z E V,(C) n D. Since z E V,(C), 2 E V,(y) for some 
y E C. Since y E C, there exists F E 30 such that y E F and F n A # 0. Let a E Fn A. 
Then a,y E F, hence a E VP(Y) and y E l+(a). But z E VP(Y), so (1) applies and we 
have 
(2) V,(x) C &(a), where a E A. 
Now z E D, hence there exists F’ E 3~ such that 5 E F’ and F’ n B # 0. Let 
b E F’ n B. Then 2, b E F’, hence 2 E Vi(b) and b E l+(z). By (2), b E l&(u). Thus 
B n V,(A) # 0, a contradiction. 0 
Corollary 5.1. For any space X, w(X) = qS(X). 
We illustrate Corollary 5.1 with an example. 
Example 5.1. Let C, denote K with the cofinite topology. It is easy to see that w(Cn) = 
K (in fact, X(Cn) = r;). By Corollary 5.1, there is a quasi-proximity 6 on r; that induces 
the cofinite topology on K and has a base of cardinality K. The required quasi-proximity 
6 on K is defined by 
A 6 B H A # 0 and B is infinite, or A n B # 0. 
Note that 
A I!? B H A = 0 or B is finite, and A n B = 0. 
It is easy to check that S satisfies (SO)-(65) and induces the cofinite topology on K. A 
base for 6 of cardinality K. is 
{ ((6 - F), F): F E [K]‘~} u { (0,4}. 
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For completely regular spaces, the results in Theorem 5.1 can be sharpened. 
Theorem 5.2. Let K > w. The following are equivalent for any space X: 
(1) X is completely regular and w(X) < K; 
(2) there is a proximity on X that induces the topology of X and has a base of 
cardinal@ at most K. 
Proof. (1) + (2) Assume w(X) < 6. We first construct a n-local base for X that 
satisfies UN(K), TBq(~), and UINT(n). By complete regularity, there is a base for X 
consisting of cozero sets. It follows (see p. 165 in [7]) that X has a base {B,: o E K} 
of cardinality at most K, where B, = f; ’ ((0, 11) and fa : X + [0, l] is continuous. For 
z E X, Q E K and n E N let 
I&l(~) = f,-’ ((f&9 - l/2n, .fcz(x) + l/29) 
= {Y: If&) -Ml)) < l/29. 
We need to verify that { Va,n(z)} is the required K-local base. To check the base condition, 
let x E R with R open. Choose cy E K such that x E B, C R, and then choose n E IV 
such that l/2” < fey(x); then V&(z) C B, C R as required. The following result 
gives UN(K): 
if %++I (x) n V,,,+I(Y) # 0, then Y E V&(x) 
To verify TB(K), let (Y E K and n E N be given. Construct a finite cover {Ii, . . . , Ik} of 
[0, 11, where each Ij is an interval of length < 1/2n. For 1 6 j 6 k let Fj = f;’ (I,) and 
let x3 E Fj. The required finite cover of X is {Va,n(xj): 1 6 j 6 k}. Since {Va,n(x)} 
satisfies both UN(K) and TB(K), it also satisfies TBq(n). Finally, we may assume by the 
finite intersection construction that {V,,, (x)} satisfies UINT( K). 
Now define S on P(X) by 
AS B H V,(A) n B # 0 for all ~1: E 6. (*) 
The condition UN(K) implies the following: 
ASB~VT/,(A)nV,(B)#Oforalla~~. (**I 
From (**) it follows that S satisfies the symmetric condition (66). The rest of the proof 
is the same as in Theorem 5.1. 
(2) + (1) Assume there is a proximity on X that induces the topology of X and has a 
base of cardinality at most K. By Lemma 5.2, w(X) < K. That X is completely regular 
is a well-known result due to Smirnov [35]. 0 
Corollary 5.2. For X completely regular, w(X) = 6(X). 
Example 5.2. Let D, denote K with the discrete topology. Clearly w(Dn) = K, hence 
there is a proximity S on K that induces the discrete topology on K and has a base of 
cardinality K. The required proximity S on K is defined by 
A6B~AandBarebothinfinite,orAnB#@. 
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Note that 
AS-B@ oneAandBisfiniteandAnB=0. 
A base for S of cardinality K is 
{(+F),F): FE [K]<"}u{(F,(K-q): FE [~]<a} 
(There is a simplier proximity on K that induces the discrete topology, namely A S B H 
A n B # 0; however, every base for this proximity has cardinality 2”.) 
Note. In the proof of Theorem 5.2 we have used Smirnov’s [35] nontrivial result that a 
space whose topology is given by a proximity is uniformizable (and hence completely 
regular). We can give a fairly direct proof of this result using the neighborhood version 
of a construction due to Hundsaker and Lindgren [24]. We outline the construction and 
leave details to the reader. 
Construction of a tdocal base that satis$es UN(K) from a proximity 
Let S be a proximity on X that induces the topology of X, and let B be a base for S 
of cardinality at most K. For each z E X and (C, D) E 23 let 
v,C,D,b) = 
{ 
(X-D) x E c; 
x 
2 $2 c. 
Note. Suppose x E C. Since C’S_ D, we have C n D- = 8; from this it follows that 
(X - D) is a neighborhood of Z. Now consider the following K-neighborhood assignment 
for X: 
v = { I/(C,O) (x): XEX, (C,D)d?}. 
The finite intersection construction, when applied to V, gives a K-local base for X (take 
interiors if necessary) that satisfies UN(K) and TBq(~). We check the uniform condition 
UN(K). Let (C, D) E B. By (65) and (66), there exists A C X such that C’S_ A and 
oh-(X-A). S’ mce f3 is a base for S, there exist (Cl, DI ), (Cz, 02) E t3 such that 
(a) CGCi andAGDi; 
(b) D C Cz and (X - A) C D2. 
We then have: 
if V(C,,D,)(~) n V(G,D,)(Y) # 0, then Y E V(C,D)(X). 
6. Symmetric weight 
In this section we introduce a new cardinal function called the symmetric weight 
of X. This cardinal function extends the concept of a symmetrizable space (due to 
Arhangel’skii) to higher cardinality. 
Definition. The symmetric weight of X, denoted sym(X), is the smallest infinite cardinal 
IF such that there is a family ‘D of at most n symmetric distance functions on X that 
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induces the topology of X and in addition has the following intersection property: given 
x E X, dl, d2 E V, and n E IV, there exists d E 2) and Ic E N such that 
l&(x, l/2”) c Bd, (% l/zn) n hz(T l/zn). 
Our goal is to give a number of characterizations of sym(X). We have already intro- 
duced a uniform symmetric-like property of a K-structure, namely USS(K); in addition, 
let us also consider the following two local properties. 
SYM(6) For all z E X and cr E n, there exists p E 6 such that if 
y E I+(Z), then x E Va(y). 
SYM*(K) For all x E X and cy E K, there exists B E K such that if 
1(: E VP(~), then y E Vu.(x). 
Clearly USS(r;) + SYM(m) and USS(&) + SYM*(&). In Theorem 6.1 below we 
show that either of these local conditions can be used to characterize sym(X). But first 
we need to replace the notion of a K-local base with a n-weak base (see Arhangel’skii [3]). 
For this, we need the following property of a K-structure {l&(x)}. 
INT( K) For all IC E X and a, p E K, there exists y E 6 such that 
V,(x) c: VQ(X) n V,(J‘). 
Definition. A K-weak base for a space X is a K-structure {Vol(x)} for X that satisfies 
INT(r;) and induces the topology of X as follows: 
R is open H for all z E R, there exists o E n such that l&(x) C R. 
Theorem 6.1. Let IF. 3 w. The following are equivalent for any space X: 
(1) sym(X) 6 6 (i.e., there is a family of at most n symmetric distance functions on 
X with the intersection property that induces the topology of X); 
(2) X has a symmetric K-weak base; 
(3) X has a K-weak base that satisjes USS(&); 
(4) X has a K-weak base that satisfies SYM(K); 
(5) X has a K-weak base that satisfies SYM*(n). 
Proof. (1) e (2) First assume that there is a family {d,: Q E K} of symmetric distance 
functions on X that induces the topology of X and satisfies the intersection property. 
Then {B,j, (z, l/2”): z E X, cy E K, 12 E iV} is the required symmetric K-weak base 
for X (the fact that {d,: a E K} satisfies the intersection property is used to verify that 
{Bd,, (x, 1 /2n)} satisfies INT(K)). 
Now let {Vu(x)} b e a s y mmetric K-weak base for X. For each o E K let d, : X x X -+ 
[O, l] be defined by 
&(X,Y) = 
It is easy to check 
functions. 
if y E Va(z); 
if Y $ K(x). 
that {d,: o E K} is the required family of symmetric distance 
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(4) * (2) Let {K(z)} b e a K-weak base for X that satisfies SYM(r;). By the finite 
intersection construction, we can assume that {V,(x)} also satisfies UINT( K). For each 
cy E r; and 2 E X let 
Ga(x) = {y: z E Va(y) and y E l&(z)}. 
Clearly {G,(x)} Y IS s mmetric and satisfies INT(K); it remains to show that for all 
R c X: 
R is open * for all z E R, there exists Q: E K. such that G,(z) z R. 
We verify the “+” direction. Let 2 E R. By assumption, Ga(z) C R for some (Y E it. 
Choose ,O,r E lc such that 
(a) if y E VP(Z), then IC E Va(y); 
@I V,(x) c: K(x) n V,(x). 
Then V,(CIT) C G,(s) so V,(z) C R as required. 
(5) * (2) Let Q&(z)} b e a K-weak base for X that satisfies SYM*(fi), and assume 
that it also satisfies UINT(lc). For each Q: E K. and z E X let 
G,(s) = {Y: z E K(Y) or 9 E Va(z)}. 
Clearly {G, (x)1 is s Y mmetric and satisfies INT(K). Moreover, for all R C X: 
R is open % for all 2 E R, there exists Q E 6 such that G,(z) C R. 
This time “+” is the nontrivial direction. Let R be open and let 2 E R. There exists 
(Y E K such that b&(x) C R. Choose p, y E E such that 
(a) if z E Q(y), then y E Vi(x); 
(b) V,(y) L I&(Y) n VP(Y) for all Y E X. 
Then Gy(x) & Via so G-,(Z) C R as required. 0 
By Theorem 6.1, the cardinal function sym(X) can be characterized as follows: 
sym(X) is the smallest infinite cardinal IC. such that X has a K-weak base that satis- 
fies U%(K) (or SYM(6), or SYM*(K)). We also note that the characterization in terms 
of USS(rc) is related to the semi-uniform spaces of Tech (see p. 396 of [5]). The fact 
that a space X is symmetrizable if and only if sym(X) = w is proved using Heath’s 
technique of constructing a semi-metric (see [15]). 
Corollary 6.1. For any regular space X, sym(X) is d&ted and sym(X) < m(X) < 
w(X). 
Proof. Let m(X) = r;. Then X has a symmetric K-local base that satisfies F(h) (see 
Theorem 2.1). 0 
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